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1. Proofs for Section [3.3]

1.1. Proof of Theorem]]

The proof of Theorem [I] is based on a lemma. This lemma is similar to
Lemma 1.1 in Goh et al. [3], with suitable modifications so that we utilize
Conditions explicitly. Furthermore, Goh et al. [3] gave a sufficient
condition for posterior consistency in the Frobenius norm when p, = o(n) in
Theorem 1 of their paper. However, we are not clear about a particular step in
their proof. They assert that

{(a,B) 07" (I = XC)E 2| — (Y, - XCHE23) < 20,
C-AB"}

5 {(A,B> 1Y — XCIR — (| — XC)| 2

< 2Ty, C = ABT} ;

where Ty, is the minimum eigenvalue for 3. This does not seem to be true in
general, unless the matrix (Y, —XC)(Y, —XC)" —(Y,,—XC*)(Y,—XC*) T is
positive definite, which cannot be assumed. Our proof for Theorem [I] thus gives
a different sufficient condition for posterior consistency in this low-dimensional
setting. Moreover, the proof of Theorem [2| in the ultrahigh-dimensional case
requires a suitable modification of Theorem [I} Thus, we deem it beneficial to
write out all the details for Lemma [l and Theorem [1

Lemma 1. Define B, = {B,, : ||B,, — Bo||r > €}, where € > 0. To test Hy :
B, =By vs. Hy : B, € B., define a test function ®,, = 1(Y,, € C,,), where the

critical region is Cp, := {Yn :|IB,, — Bol|r > ¢/2} and B, = (X[ X,,)'X]Y,,.
Then, under model (10) and assumptions[(AT}[(A3), we have that as n — oo,
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1. Eg,(®,) < exp(—¢e2ncy /16ds),

2. sup Eg, (1—®,) < exp(—c’nc;/16ds).
B”ZEBE

Proof of Lemmal[l. Since B, ~ MN ., xq(Bo, (X[ X,,)"!, ) w.r.t. Py-measure,

Z, = (X1 X,)V3(B, - Bo)S"2 ~ MN,, +4(0,1,,,1,). (1.1)
Using the fact that for square conformal positive definite matrices A, B, Apin (A)tr(B) <
tr(AB) < Apax(A)tr(B), we have
Eg, (®n) = Pp, (Y, ¢ |[Bn — Bollr > ¢/2)
= P, (|[(X} X)) 2Z, 225 > e2/4)  (by (4))
= Pg, (tr(2V%Z,(X} X,,) 1 Z2,2?) > £%/4)
< Pg,(n e ttn(BY22,) 2,21?) > £2/4)
< Pg,(n" ey tdatr(Z,) Z,) > €2 /4)

E cn
=P Z||7 > )
oo (1221 > 52

626171
re(>25) o i

where the two inequalities follow from Assumptions[(A2)]and respectively.
By Armagan et al. [1], for all m > 0, Pr(x2, > ) § exp(—z/4) whenever

0

x > 8m. Using Assumption (Al) and noting that ¢ is fixed, we have by (|1.1)
that as n — oo,

e2cin e2ein
Eg, (®,) < Pr( x2 < — ,
BO( ) = rr <Xpnq > 4d2 > = exp < 16d2 )
thus establishing the first part of the lemma.
We next show the second part of the lemma. We have

sup Eg, (1—®,) = sup Pg, (Y, :|B, - Bol|lr <c/2)

B, €B. B,eB.
< sup Pg, <Yn:‘||]§an||F||BnB0|F §5/2>

B,eB.
< sup Py, (Y, :—/2+ By — Bollr <|[B, —Bullr)

B,€B.

=Py, (Y, :[[B, = Bullr >¢/2)
< ex _5261’1’1,
=P\ " 6d, )
The last inequality follows from the fact that B,, ~ MNp, (B, (X1X,)"1, %),

Thus, we may use the same steps that were used to prove the first part of the
lemma. Therefore, we have also established the second part of the lemma. [




Proof of Theorem[], We utilize the proof technique of Theorem 1 in Armagan
et al. [I] and modify it suitably for the multivariate case subject to conditions
The posterior probability of B,, is given by

( n n
)

o f Yn|B0)
HnBn¥o) = = v, B

f(Yn|B0)

(1 — ‘I)n)JBE
JIn

1o

where Jp,_ :/B {Jm} I1,(dB,) and J, = / {m}ﬂn(dBn).

Let b= $52t
part of Lemma we have

Pg, (Il > exp (—b;)) < exp (b2 ) Eg,([1) < exp ( an) .

This implies that 2 | Pg, (I1 > exp(—bn/2)) < co. Thus, by the Borel-Cantelli
Lemma, I; — 0 a.s. Py as n — oo.
We next look at the behavior of Is. We have

I1,,(dB,,)

<P+

Ep,I> = Eg, {(1 — ®,)J5.} = Eg, { ! inllgo n( Bn)}

/ /1— F(Y,|B,) dY, 11, (dB,,)

I1,(B:) sup Eg,(1—®,)
B,€B:

< sup Eg,(1-2,)
B,€B.

< exp(—bn),

where the last inequality follows from the second part of Lemma

Thus, for sufficiently large n, P, (I2 > exp(—bn/2)) < exp(—bn/2), which
implies that Y - Pg, (I2 > exp(—bn/2)) < oco. Thus, by the Borel-Cantelli
Lemma, Is — 0 a.s. Py as n — oo.

We have now shown that both I; and I in tend towards zero expo-
nentially fast. We now analyze the behavior of J,,. To complete the proof, we
need to show that

exp(bn/2)J, = co Py a.s. as n — oo. (1.4)



Note that

exp(bn/2)J, = exp(bn/2) / exp {—ni In m} I1,(dB,)

> exp {(b/2 - V)n} HW(DTL,V>7 (15)

where D,, , = {Bn :n~lln (%) < 1/} for 0 < v < b/2. Therefore, we

have
D, = {Bn O (;tr (Y, —X,B,) (Y, - X,B,)=""] - %tr [(Y,—
X,Bo) (Y, - X,Bo)|=7]) < 2v}
= {Bn o (tr [2*1/2(Yn — X, BT (Y, - Xan)Zfl/Q} “tr [2*1/2
(Y, — X,Bo)T (Y, — XnBO)E_l/ZD < QV}
= (B! (I(Ya =~ XuBa) S 2%~ [|(Ys — X,Bo)S723) < 20}
Noting that

||(Yn - Xan)E_lmH% < H(Yn - XnBU)E_l/QH%“ + HXn(Bn - BU)E_UQH%7
+ 2H(Yn - X7LB0)271/2||F||X7L(BTL - B0)271/2||Fa

we have
(Do) = T{ By 0™ (2[Y0 = XuBo) 572 6| X0 (B, — Bo) S~

X (B — 30)2*1/2”%) < 2;/}
-1 —1/2 2v
> 4B, 0! |[X,(B, — Bo)=™/2|p < o,

n

(Y = XuBo) 5721 < s | (1.6)

for some positive increasing sequence k,, such that x, — oo as n — oo.
Set k, = n1*tP)/2 for p > 0. Since E,, = Y, — X,,By, we have Z, =
(Y, - X,Bo)Z "2 ~ MN 1,%4(0,1,,,1,). Therefore, as n — oo,

P, (||(Yn — XuBo)S™ 2|5 > k) = P, (|20} > 2)
=Pr (X?Lq > n1+”)

nlte
S exXp | — 4 9

where the last inequality follows from the fact that for all m > 0, Pr(x2, > z) <
exp(—x/4) when z > 8m and the assumptions that ¢ is fixed and p > 0. Since




301 Py (1Y = X Bo)E 2[5 > i) < 5207 exp
by the Borel-Cantelli Lemma that

+p
I < 00, we have

Py, {|[Ys — X,.Bol[r > K, infinity often } = 0.
For sufficiently large n, we have from ((1.6)) that

2
10, (D) > 11, 7YX (B — Bo) S~ V2| < 3”}
K.

n

3kin

2d'?y
=11,¢{ B, : ||B, — Bo||r < | = n~ (150 2 1/2
n n O||F 361/2
2

A

_ 2
> 11, {nl 1/2 1/2 1/2||B _BO||F< 1/}

1 2

/
where A = = /2”. The second inequality in 1) follows from Assumptions
(A2)|and |[(A3) and the fact that

X (B, — Bo)E /|| = /[ E-1/2(B,, — Bo) TXIX,, (B, — Bo)S-1/7]

<\ A (X X A (571 [[B — Bo) 13
<n'2?d7 3B, — Bollr.

Therefore, from 1) if 11, {Bn 2 |IBrn — Bollr <

} > exp(—kn) for all
0 <k <b/2—v,then (1.5) will hold.

np/2

. e2¢ 2d/%y 3Acy/
Substitute b = ik, A = %/2 = v = 12/2 to obtain that 0 < k <
2 1/2 1/
ECL BA?Q To ensure that k£ > 0, we must have 0 < A < = “1‘1;
32dy  9qy/ 48¢5/?d,

Therefore if the conditions on A and k& in Theorem l are satisfied, then
) holds. This ensures that the expected value of (1.3) w.r.t. Py measure
approaches 0 as n — oo, which ultimately establishes that posterior consistency
holds if is satisfied. O

1.2. Proof of Theorem[3
Proof of Theorem [2| also requires the creation of an appropriate test function.
In this case, the test must be very carefully constructed since X,, is no longer

nonsingular. We first define some constants and prove a lemma.
For arbitrary e > 0 and ¢; and ds specified in [(B3)| and - let

2~

~ E7C1
= — 1.
C3 16d2 ) ( 8)
and -
ncs
= . 1
tn {6 lnan (1.9)



Lemma 2. Define the set B = {B,, : ||B,, — Bol||r > ¢}. Suppose that Con-
ditions (B6)) hold under model (I0). In order to test Hy : B, = By wvs.

H, : B, € B, there exists a test function 5,1 such that as n — oo,
1. Ep,(®,) < exp(—ncs/2),

2. sup Eg,(1-®,) < exp(—ns/4),
B,eB.

where ¢3 is defined in @

Proof of Lemma[d By Condition , we must have that ﬁ — 00. More-
over, by (L.9), m, = o(n), since Inp,, — 0o as n — oco. Combining this with
assumpti we must have that for sufficiently large n, there exists a pos-
itive integer m,,, determined by Equation , such that 0 < s* < m,, < n.

Fix € > 0. For sufficiently large n so that s* < m,, < n, define the set M as
the set of models S which properly contain the true model S* C {1,...,p,} so
that

M=1{8:8>8%8+#85|S| < mn,,| B <5}, 1.10
{ #5018 < B llp < eras o (110

where S¢ denotes {1,...,p,}\ S and ¢; and ¢, are from Assumptions (B3) and
(B4).

Let X denote the submatrix of X with columns indexed by model S, and
let B5 denote the submatrix of By that contains rows of By indexed by S.
Define the following set C,:

Co=\ {I(X§Xs)'X5Y, - BY||r >/2}, (1.11)

SeM
where \/ indicates the union of all models S contained in M. Essentially, the set
C,, contains the union of all models S that contain the true model S*, S # S,

such that the submatrix Xg has at least s* columns and at most m,(< n)
columns, and |[(X{Xs) ' X{Ys — BS||p > £/2, while ||BY||r < e
1 C2

Given our choice of m,,, X%:XS is nonsingular for all models S contained in our
sets. _

We are now ready to define our test function ®,,. To test Ho : B,, = Bg vs.
H, : B, € B, define ®,, = 1(Y,, € C,,), where the critical region is defined as
in @ . We now show that Lemma holds with this choice of ®.

Let s be the size of an arbitrary model S. Noting also that there are (p;')
ways to select a model of size s, we therefore have for sufficiently large n,

Eg,(P) < Y Pr, (Yo : |[(X5Xs) ' XEY, — Bf|lr > ¢/2)
SeM
< >0 (" )Pn, (Y. 1XTX0) I XEY, - Bl > 2/2)
s=s*+1



P e2ein
< TP (x>
a s:sz*+l ( § (qu 4d2 )

Lz
< Z <pn exp(—ncs)

s=s*+1 $
< (Mg, — s¥) P exp(—ncs)
< P
< (Mg, — s¥) (%) exp(—ncs), (1.12)
n

where we use Part 1 of Lemma 1 for the second inequality, the fact that P(x?2, >
z) < exp(—xz/4) when x > 8m and m,, = o(n) for the third inequality, and the
fact that > ;" () < (m —k+1)() for the fourth inequality in

Since Inn = o(n), we must have for sufficiently large n that Inn < ‘33” Then
from the definition of m,,, we have

(i — 57) + i (1 fn (;)) < In(fin) + 7 (1 + In(pn)

<ln(n) 4 -3 +< can >1n(pn)

61np, 61np,

) 6 6 2
Therefore, from and -, we must have that Eg, (®,,) < exp(—nés/2)

as m — 00. ThlS proves the first part of the lemma B
Let S be an arbitrary set in M, as defined in and S¢:={1,...,po}\S
be its complement. We observe that as n — oo,

< 5377, Egn 53n o Egn (1.13)

sup Eg, (1 — in) = sup Pg, (Y, ¢Cy)

B,eB. B,eB.
= sup Pg, | [] {Yn: [[(XiXs)'X5Y, - Bf||r </2}

B,€eB. SeM
< sup Py, (Yn |(XIXg) ' XLY, - Bf||r <5/2)

B,€B.
< sup Pp, (Yn [|(X1Xg) ' X1Y, - Billr <g/2)

B,eB.
= swp Py, (Yn [|(X1Xg) ' XIE, + BS + (X[ X5) 'X[X5BS - Bf|lr < 5/2)

"n,e €

< sup Pa, (Yo [(XIXg) ' XZE, e = 1B - Blle — (XTXg) " XEXgBT lr —2/2)

(1.14)

We have HB;? - B§||F = [|Bn —Bol|lr — HB??C || Additionally, by Assumptions
(B3) and (B4), ||(X§X§)—1XgX§CB§;°||F < ¢ te||BS||#. Combining these



with (1.14]), we have that for B. = {||B,, — Bo||r > €},
sup Eg, (1—®,)<Pg, (Yn [(XEXG) T XLE|p > e/2 - (1+ c;1c2)||B§C||F)
Py, (Yo i [[(XEXg) " XL, ||p > =/4)
=P, (Yo : [I(X5Xg) XY, — XgB)r 2 =/4)
P ( (

S
Y, [|(X1Xg) XY, - Bf|lr > 5/4)

2
2 grcin
= <X§q ~ T16d, )
< exp(—ncs/4),

where ¢ is from (1.8). Note that since S € M, |S| < my, = o(n), and thus, we
may invoke the fact that P(x2, > x) < exp(—x/4) when z > 8m in the final
inequality. O

Proof of Theorem[4 In light of Lemma [2] we suitably modify Theorem [I] for
the ultrahigh-dimensional case. Let ®,, be the test function defined in Lemma
for sufficiently large n. The posterior probability of B, is given by

Y |BO
w(BalY,)
| fY f(Y.B.) B,)
F(Y[Bo)
(1—®,)J
<3 w#
JIn
- L
=1 + =2, (1.15)
J,

n

where Jp. = /B {m} I1(dB,,) and J, = / {m} I1(dB,,).

For sufficiently large n, using Markov’s Inequality and the first part of
Lemma [2| and taking ¢3 as defined in (1.8)), we have

o (72 0 (~2) ) <o (22) 3, ) < v (~22).

This implies that Y -, Pg, (71 > exp(—n53/4)) < 0. Thus, by the Borel-

Cantelli Lemma, we have Pg, (I, > exp(—nés/4) infinitely often) = 0, i.e. I —
0 a.s. Py as n — oo. B
We next look at the behavior of Is. We have



Ep, I = Eg, {(1 - ‘i’n)j&} Eg, { / ! z' ||]E330 n( Bn)}

:/ /1— F(Yn|By) Y T0,.(dB,,)

< 7n(B.) sup Eg,(1—®,)
B'ILGBE

< sup Eg, (1 f&)n)
B,€B.

< exp(—ncs/4),

where the last inequality follows from the second part of Lemma |2} and ¢3 is

again from (|1.8)).

Thus, for sufficiently large n, Pg, (I, > exp(—nés/8)) < exp(—ncs/8), which
implies that > | Pg, <I~2 > exp(fn'cvg/S)) < oco. Thus, by the Borel-Cantelli
Lemma, fg —0as. Pypasn— oo _ B

We have now shown that both I; and I in li tend towards zero expo-

nentially fast. We now analyze the behavior of J,,. To complete the proof, we
need to show that

exp(ncs/8)J, — oo Py a.s. as n — oo. (1.16)
Note that
exp(ncs/8).J, = exp(ncs/8) /exp {—n; In JW} I1,,(dB,,)
> exp {(3/8 — v)n} I, (Dny), (1.17)

where 5,1,,, = {Bn :n~lln %) < u} for 0 < v <¢3/8.

Because of Assumption |(B4)| which bounds the maximum singular value of
X,, from above by nco, the rest of the proof is essentially identical to the re-
mainder of the proof from Theorem I} with suitable modifications (i.e. replacing
c1 with ¢; and ¢o with ¢; and substituting in the expression in for ¢3).

Therefore, if the conditions on A and k in Theorem [2] are satisfied, then
is satisfied, i.e. exp(ncs/8)J, — 0o as n — oo. This ensures that the
expected value of w.r.t. Py measure approaches 0 as n — oo, which
ultimately establishes that posterior consistency holds if is satisfied. O

2. Proofs for Section [3.4]

2.1. Preliminary Lemmas

Before proving Theorems [3| and [4, we first prove two lemmas which charac-
terize the marginal prior density for the rows of B. Throughout this section, we



denote b;,1 < i < p as the ith row of B under 7 with polynomial-tailed hy-
perpriors of the form . Lemma in particular plays a central role in proving
our theoretical results in Section [3] of the main article.

Lemma 3. Under model @ with polynomial-tailed hyperpriors (@, the marginal
density w(b;|X) is equal to

1
2&7’

w(if) =0 [ gzl g {— ||biz-1/2||§} L()de,

where D > 0 is an appropriate constant.

Proof of Lemma[3 Let D = diag(¢y, ...,&p). Using Definition [2] the joint prior
for with polynomial-tailed priors is

i~

(&)

3

1
(B, &1, ..., &p|2) o D792 7P/2 exp {—Qtr[E_lBTT_lD_lB]} X

p P
x [H(sw/ﬂ exp{;TZHg;”Qbizl/ﬂ%} x

i=1

Il
—

i~

(&)

i=1

©
Il

@Wexp{ 1|bizl/2|§}w<si>]

i=1 _251'7-
T —as2—a- 1 B
o 11;[1 [Si a/2=a=1 oy {—2&7_||bi2 1/2||§} Lfi):| ) (2.1)

Since the rows, b; and the &;’s, 1 < i < p are independent, we have from (2.1
that

Clal 1
b, 612) o6 exp { oI
Integrating out &; gives the desired marginal prior for 7(b;|X). O

Though we are not able to obtain a closed form solution for w(b;|X), we are
able to obtain a lower bound on it that can be written in closed form, as we
illustrate in the next lemma.

Lemma 4. Suppose Condition on the eigenvalues of ¥ and Condition
on the slowly varying function L-) in (@ hold . Under model (@ with
polynomaal-tailed hyperpriors (@) and known X, the marginal density for b;, the
ith row of B, can be bounded below by

C exp <|b|§> , (2.2)

27’d1 to

where C = Degty > " (4+ a)fl.

10



Proof of Lemma[j Following from Lemma [3| we have

o o /2—a—1 - 1/2 ) ]
b [T e {- o ibe g} peas

bi||3
>D q/2—a—1 _ H 7|2 9
J xp { ot | L) (23)
bi||3
>D Q/2 a—1 H 2 L
e e {2 f nieas
~q/2-a— bi[[3
>D ~afzmam1 g L IBla 1 e 2.4
> ey [T ep {2 L (24)
9 2/2+a  r||bs||3/27dato
= Dcy (ng) / wd/2ta—le=ugy, (2.5)
1B |2 0

2
2Td1 >Q/2+a < Hb”% ) /|b'i||2/27'd1t0 -
2 Deo | o3 exp [ ——= ud/2 a1 g,
- (Hbin% P\ 2rdit ) Jy
ol oo (il
= Degt= /2 “(g ) gl
Cotg 5 +a exp Irdite

iy [Ibill3
N Cexp ( 27’d1t0 .

where (2.3) follows from Condition [(A3)] while (2.4) follows from Condition

(C1) 1) follows from a change of variables u = y‘ng‘ - We have thus estab-
lished the lower bound . ) for the marginal density of b;. O

2.2. Proofs for Theorem[3 and Theorem [}

Before we prove Theorems|3|and 4| for the MBSP model with hyperpriors
(13), we first introduce some notation. Because we are operating under the
assumption of sparsity, most of the rows of By should contain only entries of
Zero.

Our proofs depend on partitioning B into sets of active and inactive pre-
dictors. To this end, let b(; denote the jth row for the true coefficient matrix Bg
and b;? denote the jth row of B,,, where both By and B,, depend on n. We also
let A, := {j :b} #0,1<5 < pn} denote the set of indices of the nonzero rows
of By. This indicates active predictors. Equivalently, A¢ is the set of indices of
the zero rows (or the inactive predictors).

Proof of Theorem[3 For the low-dimensional setting, let s = |.S| denote the size
of the true model. Since |(A1){(A3)[hold, it is enough to show (by Theorem
that, for sufficiently large n and any k > 0,

A
IL, ( :||Bn — Bollr < p/2> > exp(—kn),

11



where 0 < A < = 6172 We have

A A2
1L, ( : - Bollr < nel2 ) =11, <Bn:||Bn_BO|%<np)
012 s A7
ni Y by =B+ Y [Ibjll2 <
JEA, JGA%
S [ e S
JEA, jGAC Pn
> bn bn bO 2 AQ
2 1;1 7o |[bl — j||2<pnnp

S [yl < P2 2AT ) L (26)

npP
JEAS, Pn

Define the density

#(b;) o< exp (-”bﬂ'”%) : (2.7)

2Tnd1t0

Since [(C1)| holds for the slowly varying component of , we have by the lower
bound in Lemma (2.6, and (2.7)) that it is sufficient to show that

T 012 AQ ’
)

~  — AQ
« {1, ;;'bf”5<m -~ exp(_kn) 28)

for sufficiently large n and any k > 0 in order to obtain posterior consistency
(again by Theorem [I). We consider the last two terms in the product on the
left-hand side of (2.8)) separately. Note that

q
~ A? ~ A
IL, (070 Y (0 — b)) < —— | > 1, b — 09| < ——
<]k ; ik — Yik Prn? ]k kz:l ik _]k| \/W
>ﬁ Il ”-|b"—b0|<i (2.9)
e PR TR IR g pan? -

n 2
By 1 , T(b) = \/27351711506}(1) (— (231“20 ), ie. b ~ N(0,7,ditg). Therefore,

12



we have

~ A
0, (b7 : b7 — B0 <>
(o= < s

2
(0] A '
1 Vit oo (b'k)
:7/1 qp'pexp _ db;i,
\/27T7'nd1t0 btj?k, AN - QTndlto
a\/Pnmn

A A
=Pr|{-——— <X - <=
r( N ik = q\/pnn")

=Pr (|X — bl < (2.10)

)
4/ Pnn? ’

where X ~ N(b9,,7ndito). By Assumption |(C2), b9, is finite for every n.

Furthermore, for any random variable X ~ N(u,0?), we have the concentration

+2
inequality Pr|X — pu| > t) < 2e” 2% for any t € R. Setting X ~ N (b}, Tndito)

andt:q\/%,wehave
A A
Pr{|X -0 |<——)=1-Pr(|X-00|> ——
r(| Ju_qﬁwj r( ju_qﬁwj
AQ
>1-2 = ). 2.11
> wp(zmem%m> (2.11)

We now consider the second term on the left in (2.8). Since E(b?k) = T,d1ito,
an application of the Markov inequality gives

peE [ 3037 ()

q 2 .
~ (pn — 9)A JEAS k=1
IT, | b7 : (b < ———— | >1-
’ j;; ; ! Pan? (Pn — 5)A2
o1, drt
—1_ % (2.12)
Combining (2.8])-(2.12)), we obtain as a lower bound for the left-hand side of
(2.8),
A * Prgn’Tndito
1-2 S S— 1l—-—— . 2.13
{ P ( 2q2pnnp7_ndlt0) } ( A? ) ( )

By Assumption it is clear that tends to 1 as n — 00, so obviously
this quantity is greater than e~*" for any k > 0 for sufficiently large n. Since
the lower bound in holds for all sufficiently large n, we have under the
given conditions that the MBSP model achieves posterior consistency in the
Frobenius norm. O

13



Proof of Theorem[]) For the ultra high-dimensional setting, we first let S* C
{1,2,...,p } denote the indices of the nonzero rows, and denote the true size of
S* as s* = |S*|. Since|(B1)H(B6)|hold, it is enough to show by Theorem [2| that,
for sufficiently large n and any k > 0,

A
11, (Bn ||1Br — Bollr < n/’/2> > exp(—kn),

WhereO<A<Ef}72 and p > 0.

2

By Assumptlon for the slowly varying component in , Lemma and
Theorem [2] it is thus sufficient to show that

I, bj;||bjfbj||2<pnnp

~ AQ
AT [ b« BN k) 29)
JEAS

for sufficiently large n and any k > 0, where the density 7, is defined in (2.
Mimicking the proof for Theorem [3| and given regularity conditions [[CI)| and
we obtain as a lower bound for the left-hand side of (2.14)),

A2 @’ PrqnPTrdity
1-2 _ 1—— . 2.1
{ exp ( 2q2pnnp7'nd1t0> } ( A2 > (2.15)

Under Assumption |(C3)| m 2.15)) is clearly greater than e~*" for any k > 0 and
sufficiently large n, since 1_} tends to 1 as n — oo. We have thus proven
posterior consistency in the Frobenius norm for the ultra high-dimensional case
as well. O

3. Gibbs Sampler for the MBSP-TPBN Model

Here, we provide the technical details of the Gibbs sampler for the MBSP-
TPBN model and present an efficient method for sampling from the full
conditional of B. These algorithms are implemented in the R package MBSP.

8.1. Full Conditional Densities for the Gibbs Sampler

The full conditional densities are all available in closed form as follows. Let-
ting T = diag(¢1,...,%p), b; denote the ith row of B, and GZG(a, b, p) denote
a generalized inverse Gaussian density with f(z;a,b,p) gP—De—(a/z+bz)/2
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we have
Blrest ~ MN pxq ((XTX +THXTY, (XX + T—l)—l 7 2) ,

Slrest ~ IW(n +p+d,(Y —XB) (Y - XB) + B'T7!'B + kI,),
;|rest ind Gg1IGg (|\bi2—1/2|\§,2@-,u — g) Ji=1,...,p, (3.1)
Ci|rest i%ig(a,wrz/}i),i: 1,....p.

Because the full conditional densities are available in closed form, we can im-
plement the MBSP-TPBN model straightforwardly using Gibbs sampling.

3.2. Fast Sampling of the Full Conditional Density for B

In (B.1), the most computationally intensive operation is sampling from the
density, w(BJrest). Much of the computational cost comes from computing
the inverse (XX + T~!)~!, which requires O(p®) time complexity if we use
Cholesky factorization methods. In the case where p < n, this is not a problem.
However, when p > n, then this operation can be prohibitively costly.

In this section, we provide an alternative algorithm for sampling from the

density MN g ((XTX +T ) IXTY (XTX + T )7 z:) in O(n2p) time.
Bhattacharya et al. [2] originally devised an algorithm to efficiently sample from

a class of structured multivariate Gaussian distributions. Our algorithm below
is a matrix-variate extension of the algorithm given by Bhattacharya et al. [2].

Algorithm 1
Step 1. Sample U ~ MN,»,(0, T, %) and M ~ MN,,,,(0,1,, X).

Step 2. Set V = XU + M.

Step 3. Solve for W in the below system of equations:

(XTX" +1,)W=Y - V.

Step 4. Set ® = U4+ TXTW.

With the above algorithm, we have the following proposition.

Proposition 1. Suppose © is obtained by following Algorithm 1. Then © ~
MN g (XTX 4+ T7H7IXTY, (XTX 4T 7 3)

Proof. This follows from a trivial modification of Proposition 1 in [2]. U

From Algorithm 1, it is clear that the most computationally intensive step is
solving the system of equations in Step 3. However, since T is a diagonal matrix,
it follows from the arguments in [2] that computing the inverse of (XTX " +1,,)
can be done in O(n?p) time. Once this inverse is obtained, solving the system
of equations can be done in O(n?q) time, and in general, ¢ < p. It is thus clear
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that Algorithm 1 is O(n?p) when p > n. Since our algorithm scales linearly with
p, it provides a significant reduction in computing time from typical methods
based on Cholesky factorization when p > n.

On the other hand, if p < n, then Algorithm 1 provides no time saving,
so we simply utilize Cholesky factorization methods to sample from the full
conditional density, (B|rest) in O(p?) time if p < n.

3.8. Convergence of the Gibbs Sampler

In order to ensure quick convergence, we need good initial guesses for B
and X, Bt and 30 regpectively. We take as our initial guess for B,
Bt — (XTX 4+ ML) 'XTY, where A = 6 + Apin+ (X), Apin+ (X) is the
smallest positive singular value of X, and § = 0.01. This forces the term
XX+ AL, to be positive definite. For 3, we take as our initial guess > (init) —
(Y _ XB(init))T (Y _ XB(init)>.

Figure [1| shows the historical plots of the first 10,000 draws from from the
Gibbs sampler for the MBSP-TPBN model described in Section [3.1] for four
randomly drawn coefficients b;; in B from experiments 5 and 6 in Section
The top two plots correspond to a true nonzero coefficient (b?j = —3.8103) and a
true zero coefficient (b?j = 0) from experiment 5 in (n =100, p = 500,q = 3).
The bottom two plots correspond to a true nonzero coefficient (b?j = 3.1436) and
a true zero coefficient (b?j = 0) from experiment 6 in (n = 150, p = 1000, q = 4).

We consider two different Markov chains with different starting values for
B(%): 1) the ridge estimator described above, and 2) the regularized MLASSO
estimator described in Section We see from the plots that although both
chains start with different initial values of bg}mt), they mix well and seem to
rapidly converge to a stationary distribution that captures the true coefficients
b?j’s with high probability.

1
n
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Figure 1: History plots of the first 10,000 draws from the Gibbs sampler for the MBSP-TPBN
model described in Section for randomly drawn coefficients b;; in Bg from experiments 5
and 6 in Section The top two plots are taken from experiment 5 (n = 100, p = 500, g = 3),
and the bottom two plots are taken from Experiment 6 (n = 150,p = 1000, g = 4).
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