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Theorems 3 and 4 of Bai and Ghosh [2] present posterior consistency results for their proposed
multivariate Bayesian model with shrinkage priors (MBSP). However, we found an error in the
proofs of these theorems (in the Supplementary Material [1]). Specifically, in the proof of Theorem
3, there is a mistake in (2.10) of the Supplement [I]. The center of b7, is 0 but the center of X is
b?k. The area in the first equation is not the area under the normal density function around the
center; however, the area in the second equation is the area under the normal density around the
center. Therefore, these areas are generally unequal except for when bgk = 0, so the second “="
does not hold. Since the step cannot go through, the subsequent inequalities cannot be achieved,
and the given proof of posterior consistency is incorrect. Similarly, the proof of Theorem 4, which
follows along much of the same lines, is not correct.

In this note, we provide a corrected proof of posterior consistency for the MBSP model. To
recall some of the notation from Bai and Ghosh [2], A, C {1,...,p,} is the set of indices of
the true nonzero rows in the regression coefficients matrix By, with cardinality s, = |A,|. We
similarly define the complement of A,, as the set of indices of the true zero rows in By, i.e. AS =
{1,...,pn} \ An, which has cardinality p,, — sy,.

For simplicity, we only provide the corrected proof for Theorem 4 of Bai and Ghosh [2] in the
ultra high-dimensional case where p,, > n, In(p,) = o(n), and s, = o(n/In(p,)). We note that
a correct proof for the low-dimensional case where p, < n and p, = o(n) (Theorem 3 of Bai and
Ghosh [2]) is nearly identical to our proof for Theorem 4, except with the constant A replaced
with A from Theorem 3 of Bai and Ghosh [2]. Therefore, this note establishes the validity of both
Theorems 3 and 4 of Bai and Ghosh [2] and shows that the MBSP model achieves strong posterior
consistency, provided that p,, grows at a sub-exponential rate with n.

We first state and prove two lemmas. Lemma [1| shows that a slowly varying function L(x)
has a polynomial tail asymptotically, while Lemma [2| establishes a lower bound for an upper-tail
probability for the hyperprior 7 in (3) of Bai and Ghosh [2].

Lemma 1. Assume that a positive measurable function L(x) is slowly varying, i.e. for each fixed
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a >0, L(ax)/L(z) — 1 as x — co. Then for each € € (0,1) and a > 1, there exists xo such that
cpzm(—e)/In(e) < L(z) < Cox )/ (@) nenever > zo,
for some constants c1,co > 0.

Proof of Lemma[ll By the definition of a slowly varying function, for each € € (0,1) and a > 1,
there exists ug so that |L(au)/L(u) — 1] < € whenever u > ug. Thus, we have

L(up)(1 —¢) < L(aug) < L(ug)(1 +¢).
By induction, for all k£ € N,
L(ug)(1 — )* < L(a*ug) < L(ug)(1 + ¢)*. (1)

Note that a*u > ug for all k € N since a > 1. Take z = a*ug so that k = In(x/ug)/In(a). We can
then rewrite (1)) as

L(UO)(l _E)ln(x/uo)/ln(a) < L(m) < L(u0)<1_’_E)ln(x/ug)/ln(a)’

and thus,

In(l—¢) In(1+e)
T In(a)

O

Lemma 2. Suppose that £ follows the hyperprior distribution w(§) in (3) of Bai and Ghosh [2],
ie. w(€) = K& TL(E), where L(-) is slowly varying and s, In(p,) = o(n). Then

71—(5 > Snpnnpil) > exp(fAln/sn),
for some finite A; > 0.

Proof of Lemma[d By Lemmall] there exists finite 6 > 0 and K; > 0 so that

o0

(€ > sppan? 1) = / Ku™ " L(u)du

SpppnPf 1

o0

> / Ku * 'Kiu%du
SpppnP L

KK

= : (Snpnnp71)7a76

=exp {—(a+0)In(p,) — (a+ ) In(s,n”~ ") + In(K K /(a + 0))}
> exp(—A1n/sy),

for a sufficiently large A; > 0. In the last line of the display, we used the fact that s, Iln(p,) =
o(n). O



We now establish strong posterior consistency for the MBSP model of Bai and Ghosh [2] when
p > n and s, In(p,) = o(n). In our proof, we make an additional mild assumption that under
the hyperprior 7(§) in Lemma [2] of this note, E(£) < co. Note that this assumption holds for all
practical examples for (&) in scale-mixture shrinkage priors (see Table 1 of Bai and Ghosh [2]).

Proof of Theorem /4 of Bai and Ghosh [Z]. Inlight of Theorem 2 of Bai and Ghosh [2], it is sufficient
to show that the marginal prior 7, (B,,) satisfies

A
11, (Bn :|Bn = Bollr < nP/2> > exp(—kn), (2)

for £ > 0.

Using notation from Bai and Ghosh [2], we let b’ € R? denote the jth row of B,,; analogously,
b is the jth row of the true parameter By. We let b}, denote the kth entry of b’ and b?k denote
the kth entry of b?. Since the rows of B,, are independent,

P
Tn(Bp) = H T (b]).
j=1
Under the MBSP model, b} | &; wd Ny(04, 7,§;X) for j € {1,...,p,}. Therefore, the marginal

prior for m,(b}) is

o0 _ _ 1 _ n
ma(b) = [ (2rmgy) IR exp (- o [ETB3 ) (6 s, )
0 28T
where 7(&;) is the hyperprior on §; as in Lemma of this note. We have

A2 , A?
I, (Bn :|B,, — Bo|% < np) =1L, | Bu: > _ b} =I5+ D b}5 < —
JjEAL JEAS

o2 _ A , _ A2

. n n

> 10, Bn-E ||bj_bj||2<2np>§ l||bj||2<2np
JjEAR JEAT,

A2 A2
n . n 012 . n|2
>< ] mn (bj HIbj = B3 < o np) I, [Bn: Y [b}]3 < oY
jEA, " jeAS
£ Th X Is. (4>

We first bound Z; from below. In what follows, we let C; and C5 be appropriate constants that do
not depend on n, while A; is the constant from Lemma [2| of this note. From , we have

A2
— n . n 0112
=[] m. (bj b — Y3 < 23nnf’>

jeAn
> 1
= 27 &5) BT P exp ( - =71273 ) w(g;)dblde;
jg /0 /nb?—b?|§<2’32p( k)BT e QEanH illa ) w(&)db3dt;
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where 7*(&;) = C2€; /*7(€;) and / T (&)de; = 1,

1 s MY (A
e, i C’gx/qmsnnp P 2d17 SpppnP ! P Sn

Ch 1 1 M? An
- . |1 — Zln(r,) = = In(gsun®) -
exp <q5 [n <02> 3 n(7,) 5 n(gs,n”) G —— .

2
= exp <qA1n o + gsn [1n <C > - 1ln(Tn) - 1ln(qsnnp)}> . (5)
- 02 2 2

2d1 TpppnP—1

In the third line, we used Assumption (B5) of Bai and Ghosh [2] that 0 < d; < Anin(X) <
Amax(X) < d2 < oco. In the ninth line, we used Assumption (C2) of Bai and Ghosh [2] that
maxj,k\b(;“ < M < oo and the fact that 7*(&;) = C2§j_1/27r(fj) = 025;(a+1/2)—1L(§), where Cs
is the normalizing constant to ensure that 7*(&;) is a valid probability density; therefore, we can
apply Lemma [2| to the integral term in the eighth line.

By Assumption (C3) of Bai and Ghosh [2], 7,, = o(p,,'n~"), and by Assumption (B6) of Bai
and Ghosh [2], s, In(p,,) = o(n). Therefore, besides —qA;n, all the other terms in the exponent of
are of order o(n). Noting that ¢ is fixed (i.e. it does not depend on n) and the strict inequality
in the ninth line of the above display, we see from that Z; in can be bounded from below as

T, > exp(—kn), (6)

for sufficiently large n. Next, we bound Z5 in from below. By Markov’s inequality and the fact
that b7 | & ~ Ny (04, 7, X) for j € {1,...,p,}, we have

I = Y IbFE <

JEAS



AQ
— . ni|2
=1-1, [B, : Y b33 > o

JEAS
_ 2 e
=1-E|IL, | B, : Z ||b.771||2>27p fl?""fpn
; n
L JEAS,
207 (Zeae 107131 6006, )
>1—-E =
A2
2P, tr(X)E (ZjeAﬂ é})
=1- <
2qd n P n -~ °on E
>1- qun(pAQ 8)(51)%13571—)00, (7)

where the last line of the display follows from Assumption (B5) of Bai and Ghosh [2] that 0 < d; <

Amin () < Anax(E) < d2 < 00, Assumption (C3) of Bai and Ghosh [2] that 7,, = o(p,'n~"), and

our assumption that E(£) < co when & ~ m(£). Thus, 2qdar,n? (py, — $n)E(£1)/A2 = 0 as n — .
Combining —, it is clear that for sufficiently large n,

A
IL, <Bn : ”Bn - BOHF < /2> > exp(—kn),
nr

i.e. we have established the prior mass condition . Strong posterior consistency for the MBSP
model now follows immediately from Theorem 2 of Bai and Ghosh [2]. O
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